Abstract-We present a new posture design paradigm for the positioning of complex characters. It is illustrated here on human figures. We exploit the Inverse Kinetics technique which allows the center of mass position control for postures with either single or multiple supports. For the multiple support case, we introduce a Compatible Flow model of the supporting influence. With this approach, we are able to handle continuous modification of the support distribution. By construction, Inverse Kinetics presents the same control architecture as Inverse Kinematics, and, thus, it shows equivalent computing cost and similar intuitive concepts. Furthermore, Inverse Kinetics for the center of mass and Inverse Kinematics for fixed end effectors can be combined to generate a posture displaying static balance, goal-oriented features, and an additional gravity optimization.
INTRODUCTION
N this article, we present a robust approach for the design of static human postures achieved during high-level behaviors (reaching, climbing, sitting, etc.) while maintaining the body balance. The body balance is obtained by controlling the position of the center of mass with a recent technique, called Inverse Kinetics, integrating the body mass distribution information for single or multiple supports. The present article focuses on the class of postures where the body weight is the essential force exerted by the body on the environment. This includes the large-range postures showing limited horizontal force exertion due to the friction with the supporting surface, but excludes postures with a significant pushing or pulling exertion.
The Inverse Kinetics technique can be easily integrated into existing animation systems for three reasons.
1) It has the same order of complexity as Inverse Kinematics, thus allowing interactive specification and adjustment of the posture.
2) It provides an intuitive and complementary set of input parameters to the animator: the support distribution on the supporting sites.
3) It can be combined with Inverse Kinematics, for end effector(s) control, with a clear priority specification of the two control techniques.
We can also add a lower level of optimization which minimizes the static torques due to gravity. Fig. 2 gathers the parameters specified by the animator and the result targeted with this approach. After a review of balance control, we first recall the principle of Direct and Inverse Kinetics in single support. At that stage, we make a detailed comparison with Direct and Inverse Kinematics in order to stress its intrinsic coherence and robustness. We then develop the multiple supports case for which we introduce an efficient algorithm based on Compatible Flows to evaluate the exact influence of each supporting site within the human body. From that knowledge, we demonstrate how to control the position of the center of mass from multiple supporting sites. This leads to the Generalized Inverse Kinetics scheme allowing simultaneous realization of three control levels of decreasing priority: balance control, end effector control, and gravity torques minimization.
BACKGROUND
The direct position control of the center of mass has received increasing attention with the development of 3D human and animal character design [10] , [11] , [12] and human factors evaluation in complex environments [1] . In [23] , the center of mass of a human figure is considered as an end effector attached to the lower torso region. Its position is controlled with an iterative process based on Inverse Kinematics. The constraint variables are the ankle, knee, and hip joints of the dominant leg (i.e., the one supporting most of the weight). Other authors focusing on the human case generally act on less degrees of freedom to control the balance as with the torso orientation in [22] or with the ankles, hip, and waist in [14] . Systems based on Dynamics have demonstrated the possibility to achieve a dynamic balance for the motion of various legged entities [14] , [25] , [26] . Optimal control [12] , [19] , [27] can generate realistic physically-based postures and animations. Nevertheless, it usually faces high computation cost for large dimension systems (i.e., more than 50) and lacks the design freedom required for the animator. Furthermore, as stated in [14] , [26] , the associated parameter space of both Dynamics and Optimal control is not easy to handle for an animation designer. The performance and the interface have been improved with a keyframe-based optimization [19] . However, the design problem of complex key postures with balance remains. The position control of the center of mass has found considerable attention in the control of legged robots (and animals) [6] , [11] , [13] , [25] , [26] . However, the position of the center of mass is only controlled indirectly. For the stable equilibrium case (i.e., at least three supporting feet on the ground and a slow forward motion), the constraint is to maintain the balance by always keeping the center of mass within the support polygon (i.e., the convex hull of the supporting feet). So, the problem addressed in that field is to optimize the sequence of support polygons so that the center of mass always remains inside them while achieving a desired motion trace for the body [6] .
A recent approach proposed a center of mass position control in a way consistent with the mass distribution for an articulated figure in single support [3] . It is called Inverse Kinetics because it combines the information of the articulated structure kinematics together with its mass distribution. Inverse Kinetics can be combined with Inverse Kinematics in a hierarchical fashion with the homogeneous component of Inverse Kinematics general solution [4] , [10] , [18] , [20] . A first attempt to generalize Inverse Kinetics to the multiple supports case is described in [5] . The concept of "Influence Tree" was introduced to represent the fraction of the body supported by a given supporting site. However, the associated algorithm lacked a coherent treatment of support and mass, which resulted in a complex algorithm. Moreover, resulting postures were not optimal with respect to torque exertion induced by gravity.
PRINCIPLE OF DIRECT AND INVERSE KINETICS
Without loss of generality, we demonstrate Direct and Inverse Kinetics on an open articulated chain with n rotation joints (indexed from 1 to n) where each joint is associated with a rigid segment. The key point of our algorithm is to evaluate the kinetic influence of any joint (i.e., the instantaneous velocity of the center of mass induced by the instantaneous joint rotation). For that purpose, we use the socalled augmented body implicitly associated with each joint; this is the imaginary rigid body supported by the joint in the current state of the system [7] , [27] .
Direct Kinetics
The following notations are used throughout this paper: matrix with an italic bold capital letter, vector with a bold capital for a point position and a lower case letter otherwise, scalars in italics.
S 0
3D reference frame composed of the basis B 0 located at the origin O 0 . Remark: All the vectors as well as the Jacobians are expressed in the reference basis B 0 , so we don't explicitly mention that information. G 0 Total center of mass (larger square in Fig. 3b ) M Total mass of the body Gj Partial center of mass of the augmented body associated with joint j (Fig. 3b) Direct Kinematics Jacobian matrix (hxn); J e + is the pseudo-inverse of J e I Identity matrix of the joint variation space (nxn)
Direct Kinetics
Fig . 3a illustrates the instantaneous velocity v G j of the partial center of mass G j due to a unit instantaneous rotation w j of joint j. The velocity induced by joint j on the augmented body j implies that:
Its counterpart v G j 0 on the total center of mass is obtained by applying the principle of the conservation of the momentum. The momentum conservation states that:
from which we get
Equation (3) corresponds to the jth column of the Jacobian matrix J G (see Appendix for an alternate demonstration of Direct Kinetics). Once the Jacobian is established for all the joints, we can evaluate v Go for any instantaneous variation of the joints:
Comparing Direct Kinetics to Direct Kinematics
We include the comparison of these two techniques for the position control of the center of mass to demonstrate the effectiveness of the kinetics approach over previous attempts based on Kinematics [23] . As a variation of any joint induces a variation of the center of mass position, we should consider all the joints in the Jacobian computations. However, for the purpose of clarity and without altering the pertinence of the comparison, we use only the flexion joints which carry a significant fraction of the body mass (they are indicated with a black dot in Figs. 3b and 3c. ). The instantaneous velocities composing the kinematic Jacobian J e are computed as if the center of mass were an end effector [23] with the formula:
Drawing the resulting set of velocities highlights major differences in amplitude and orientation with the ones evaluated with Direct Kinetics (dark gray lines in Figs. 3b and 3c ). Direct Kinetics is theoretically correct because it integrates the mass distribution information in the Jacobian computation (cf. Appendix A for the full demonstration).
Inverse Kinetics
As the Kinetic Jacobian is generally a rectangular matrix, inverting the linear system defined by (4) is achieved by taking the pseudo-inverse of J G . We refer the reader to [10] for a detailed introduction to the pseudo-inverse in computer graphics. The general solution of (4) is (in its variational formulation):
The first term is the pseudo-inverse solution. This term is the unique least-square solution of minimum norm achieving the desired center of mass position variation (main constraints). The second term is the homogeneous portion of the solution, partially performing a desirable optimization Da G (the secondary constraints) under the exact achievement of the main constraints. This clear prioritization of the main and secondary contraints leads us to use the term hierarchical control throughout this paper [4] . It is belonging to this subspace is mapped into the null position variation of the center of mass. In our context, only small position variations of the center of mass provide a valid solution in terms of posture variation, as already noted for Inverse Kinematics [1] , [10] , [15] , [18] . As a consequence, the desired position variation of the center of mass has to be fractionated into small variations whose norm generally does not exceed two to ten percent of the articulated chain length. After each posture variation, realizing a small position variation, the Direct Kinetics Jacobian has to be recomputed.
Two remarks on the dimensions are worth mentioning here.
1) The dimension m of the main constraints is often smaller than three, as shown in Section 6. 2) In the best case, the dimension of the null space is n-m.
This information translates the achievement potentiality of the secondary constraints as they are projected on that subspace.
By construction, both Inverse Kinetics and Inverse Kinematics yield a solution in the joint variation space. So, one original construction is to combine both solutions in a cascaded control scheme where the general solution of Inverse Kinematics is projected on the null space of the Inverse Kinetics solution (or vice versa [3] ). The general solution of Inverse Kinematics is: 
Then, by integrating Dq e in (6) as the secondary constraints Da G , we get:
e j e j e j , (8) where Da e becomes the so-called tertiary constraints realized with the lowest priority. It is pertinent to integrate tertiary constraints as long as the projected null space of J e on the null space of J G is different from the null vector (cf. Section 5.4). Let us conclude this section by recalling that the articulated chain may become singular, i.e., may achieve a posture preventing some center of mass displacements. Even though the pseudo-inverse yields a least-square solution, its norm becomes strongly discontinuous whenever the configuration is close to a singularity. Maciejewsky [21] has extensively discussed this problem and proposed a satisfying approach called "damped least square pseudo-inverse." We use this pseudo-inverse computation approach for all the simulations presented in this article, either for Inverse Kinematics or for Inverse Kinetics.
Comparing Inverse Kinetics to Inverse Kinematics
The purpose of this comparison is to highlight the problems appearing when using Inverse Kinematics to control the position of the center of mass of an articulated structure. We propose a 2D simulation with a human model acting in single support in the sagital plane (i.e., the body plane of symmetry). We control only the flexion joints which carry a significant fraction of the body mass (they are indicated with a black dot in Figs. 3b and 3c.); these are the ankle, knee, hip, and four vertebrae. The chain is rooted at the left foot; the right leg just duplicates the joint values computed for the left leg. We require the center of mass to move down to the square on the vertical black line 1 (Figs. 4a and 4b). Then, from the final posture achieved at that first stage, we require the center of mass to reach back its initial position indicated by the black dot ( Fig. 4c and 4d ). At each time step, the desired center of mass displacement is oriented toward the desired final location. Its amplitude is arbitrarily limited to comply with the hypothesis of small motions. So, we have an iterative process converging to the final position where the Jacobian and the main constraints are reevaluated for each step. In The downward and upward motion of the center of mass ( Fig. 4e ) are nearly overlapping for Inverse Kinetics but are clearly different for Inverse Kinematics. In that case study, the "round-trip" final posture is similar to the initial posture for both techniques. Although we know from [15] that we cannot guarantee to produce cyclical motion in the joint space for cyclical motion of the center of mass, other simulations show that Inverse Kinetics generates joint motion trajectories closer to the cyclical case.
By construction, Inverse Kinetics has the same computing cost as Inverse Kinematics. But, due to its intrinsic coherence, Inverse Kinetics converges twice as fast as Inverse Kinematics for the center of mass position control. This improvement was confirmed on a large range of parameter values. Moreover, Inverse Kinetics provide minimal, and correct, posture variations as clearly appear when testing a cyclical motion. Regarding performances, the computation times refer to a SGI Indy Workstation with R4000 CPU.
1. As we focus here on center of mass position control, we have not added any hand position constraint, which would have been required to simulate a believable armchair sitting posture. As a consequence, the final posture may lack believability. 
FROM SINGLE SUPPORT TO MULTIPLE SUPPORTS
The multiple supports context embraces two distinct problems:
1) How to satisfy the geometric constraints of additional support locations. 2) How to guarantee the continuity of the center of mass position control relatively to modifications of the support distribution.
The first problem is a standard Inverse Kinematics problem, where the additional supports are considered as end effectors [1] , [23] . We indicate, in Section 5.3, how to integrate these constraints within the Generalized Inverse Kinetics control scheme. The center of mass position is not under animator control when using the single support solution in a context of multiple supports. Let us illustrate this with a variation of the right wrist flexion in Fig. 1 . In single support (Fig. 1a) , only the right hand moves, thus leading to a very small position variation of the center of mass. In multiple supports (Fig. 1b) , the wrist variation now induces a variation of a large fraction of the upper body, thus leading to a significant position variation of the center of mass. It is necessary to identify the influence of each supporting site to handle the center of mass control in a coherent way.
The Influence Tree Concept
For a human body in multiple supports, we specify that each of the N S supporting sites (foot, hand, etc.) carries an equivalent fraction of the total body mass. This concept integrates the general case, where a site supports the body via vertical and horizontal reaction forces (e.g., as in leaning against a vertical surface). The equivalent mass fraction is denoted s and is called the supporting influence of the supporting site (further just called a site). In the static equilibrium state, we require that:
For the multiple support case, the basic idea is to evaluate the geometrical distribution of the body fraction supported by each site. We can visualize graphically the supporting influence of multiple sites with color coding, as revealed in Fig. 5 . This example is a stepping case, where a person progressively transfers all the body mass from the right foot to the left foot. During the transfer phase, each supporting site contributes to a different extent to the center of mass position control. This is represented graphically by coding the site influence with a color [5] . Here, the right foot is associated with the red color and the left foot is associated with the blue color. A body segment which is fully supported by a site is given the site color. Whenever both sites contribute to its support, the displayed color is a weighted mixing of the basic colors (the weights are the influence ratios which are described further in this section). During the stepping, the support proportions vary as indicated under each image between parenthesis (right support, left support). The body mass is discretized into rigid segments articulated into a tree-structured graph of N m mass nodes. Each node holds a fraction of the body mass (denoted m ). We have:
When the supporting influence value ranges from 0 to 1, the corresponding supported body fraction varies from nothing to the whole body tree structure (as in Fig. 5 ). For intermediate values of s i , the site influence spreads on a partial tree structure, hence the name of Influence Tree, to encapsulate that information [5] . In order to evaluate the Influence Trees, it is convenient to maintain the value of the normalized support r ki that each mass node k (from one to N m ) receives from each site i (from one to N s ). This information constitutes the Influence Ratio matrix denoted r . Each column characterizes the influence propagation of a site within the body (i.e., its Influence Tree, as shown by (11)). Each row describes the support distribution of a mass node ( (12)). The evaluation of the influence ratios is described in the next section with a new approach based on the theory of Compatible Flows [8] , [9] .
A Compatible Flow Model of Multiple Supports
In the following demonstration, we consider articulated tree structures. Moreover, we retain the postural space that creates no closed mechanical loop (e.g., Rodin's "Thinker" is not a valid one). Under that condition, we are able to prove the uniqueness of the solution. We illustrate our algorithm on a simple tree structure ( 1) Convert the tree structure (Fig. 6a) into a so-called Influence Graph (Fig. 6b ) suited for a Compatible Flow search [8] , [9] . 2) Evaluate the Compatible Flow corresponding to the propagation of the support influence within the tree structure (Fig. 6c) . This is made according to the first Kirchhoff law which states that, on each graph node, the sum of incoming flow is equal to the sum of outgoing flow [8] , [9] . 3) Analyze the resulting flow to deduce the Influence Ratios r (Fig. 6d) .
We now give the outline of these three stages (the details of the algorithms can be found in Appendix B). A brief complexity analysis closes the section. First, the tree structure is converted into the Influence Graph where the arcs, rather than the nodes, hold a value (Fig. 6b) . The graph representation integrates the mass and support information in a unified manner. For that purpose, we complete the nodes of the body tree structure with two more nodes, called the Source and the Well, according to flow search terminology [8] . The arcs of the body tree structure represent the flow propagation; their value and orientation are unknown at that initial stage (Fig. 6b) . However, the arc orientations are initialized arbitrarily for further exploitation at search stage. Three new sets of arcs are added to complete the graph: Ns arcs, valued with the s , from the Source to the sites nodes, N m arcs, valued with the m , from the tree nodes to the Well, and one arc with a unity value links back the Well to the Source. We require that the support influence distribution ( (9)) counterbalances the body mass distribution ( (10) 1) For each terminal node of the tree structure, there is only one unknown arc (e.g., nodes A, C, and D in Fig. 6b ).
2) The arc value is evaluated by applying the first Kirchhoff law. 3) Then the resolution recursively propagates from node to node in the body subgraph as long as there is only one unknown arc. Whenever there are more than one unknown arcs, the propagation stops on that branch.
• Comment: The last propagation only finds a single unknown arc at each node because we have no closed loop.
The result is the Compatible Flow propagating between nodes (Fig. 6c) . Whenever a body segment k is completely supported by one site i (e.g., the thigh in Fig. 5b , or node A in Fig. 6a ), then the Influence ratio value r ki is one for that site and zero for the other sites. However, it often happens that a body segment is supported by multiple sites (e.g., the trunk in Fig. 5c , or nodes B, C, and D in Fig. 6a ). In such a case, we consider that:
Each site contributes to the segment support in the proportion of its remaining supporting influence to the total supporting influence arriving at that segment.
With this approach, we ensure the conservation of the Influence Ratios r for any set of segments effectively supported by the same set of sites. Moreover, it provides a continuous solution when varying the body support distribution. Table 1 1) For each site (i.e., each arc coming from the Source node), we query the destination node. 2) At that node, we evaluate the ratio of influence flow coming from the site to the total incoming flow at that node. 3) Then, we propagate, recursively, for all the outgoing arcs, which destination are within the body tree structure.
• Comment: The propagation stops when there are no outgoing arcs within the body tree structure. However, the number of sites and the number of mass nodes are relatively small (compared to the number of degrees of freedom), which makes the cost minor with respect to Inverse Kinetics and Inverse Kinematics computations. Moreover, as the algorithm is independent from the posture, we don't need to recompute the Influence Ratios along with any posture optimization with constant body support distribution.
GENERALIZED DIRECT AND INVERSE KINETICS
We now show how the influence tree information is used to build the Direct Kinetics Jacobian and what are the specific constraints added by the multiple support context to Inverse Kinetics. Then, we recall the equilibrium condition for posture in multiple supports which becomes the operational formula linking the support influence to the center of mass position.
Multiple Supports Direct Kinetics Jacobian
Direct Kinetics in multiple supports becomes transparent once the influence tree concept is adopted to model the influence of a distributed support. Its major advantage is to provide a continuous solution for variations of the mass distribution in multiple supports. Section 3 has explained how the Direct Kinetics Jacobian was computed in single support. Now, in this paragraph, we generalize that approach for each supporting site i for which we compute a partial Direct Kinetics Jacobian J Gi . We use the associated influence tree to delimit its influence ( Fig. 7 ):
• The motion is rooted at the supporting site i.
• A joint contribution to any partial Jacobian J Gi is directly proportional to the mass of the corresponding partial augmented body derived from the influence ratios r i .
The partial Direct Kinetics Jacobians establish the instantaneous velocity of G 0 due to the instantaneous variation of the n joints, so they can be added in order to get the Direct Kinetics Jacobian in multiple supports ( (13)). Fig. 8 illustrates the most significant contribution of each supporting site, right toe flexion (a) and wrist flexion (b).
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Generalized Inverse Kinetics
Generalized Inverse Kinetics is based on the cascaded control architecture ( (8)) with:
• The main contraints Dx G : They control the position of the center of mass in multiple supports with the pseudo-inverse of the Direct Kinetics Jacobian (13).
• The secondary constraints Dx e : They integrate supportoriented end effectors and goal-oriented end effectors into one composite Kinematics Jacobian. The supportoriented end effectors have to maintain their current location, while the second type may move in the cartesian space (cf. Section 5.3).
• The tertiary constraints Da e : They realize any desired optimization of the articulated structure in the term Da e . We have retained to minimize the static torques due to gravity in order to converge to more realistic postures (cf. Section 5.4).
The alternate formulation of the Generalized Inverse Kinetics consists of exchanging the relative priority of the main and the secondary constraints. Under that control scheme, the center of mass cannot move out of the domain defined by the realization of end effectors constraints. This form is especially useful when considering only supportoriented end effectors.
Maintaining the Supports Location Constraints
One of the sites acts as the frame root for the traversal of the 3D hierarchy. During this traversal, the update of the global transformation takes place (Fig. 9 ). It is a good choice to select the site with the biggest supporting influence for the root site as already proposed in [1] , [23] . Less important sites locations (i.e., position and eventually orientation) must be maintained as geometric constraints within an Inverse Kinematics control scheme. We call them the supportoriented end effectors.
Any other goal-oriented end effector(s), such as a hand performing a reach constraint, can be integrated in that Kinematic control scheme. In such a context, the dimension h of the kinematic main constraints is the sum of all the end effectors controlled dimensions. An example is outlined in Fig. 9 , where the partial kinematic Jacobians of one support-oriented end effector and one goal-oriented end effector are stacked to form the complete Jacobian J e .
Minimization of Gravity Torques
First, let us state that there is a real opportunity for tertiary constraints to be effective by considering the potential dimension d of the associated null space. By construction of (8), it is the projection of J e s null space on the one of J G . In a single end effector context, its maximal dimension is theoretically given by (14) . We can use this evaluation as a first approximation in our context of multiple end effectors. Let us illustrate its value on the Fig. 8 example with n = 40 for the mobility involved in J G , m = 2 to maintain the center of mass over a specific location (cf. Section 6), and, finally, 6 1 2 £ £ h (if we consider or not the orientation control). By applying (14) , we get a value of 32 for d. Practically, this value should be lower, due to the joints reaching their joint limit (knee, elbow) or which are partially coupled as in the spine. Thus, although it is difficult to evaluate precisely the available dimension for the tertiary constraints, it is sufficient in practice.
Regarding human comfort optimization, an integrated methodology based on a biomechanical model of each joint has been proposed by Lee et al. [16] , [17] . We adopt a simpler, yet effective, approach based only on the mass and the support distribution information. Such information is easy to acquire in practice, while the complete biomechanical model of the body strengths is still an active matter of research [17] . Moreover, our choice nicely extends to existing, extinct, or imaginary animals for which biomechanical data are even sparser.
We now describe our optimization in the single support context prior to the generalization to multiple supports. In single support and for any static posture, the muscles have to counteract the gravity torques applied to the augmented body of each joint j (Fig. 10) . It is desirable to minimize those torques as it leads to smaller muscular exertion for the same goal. We propose to achieve that objective based on the following geometric observations. First, minimizing the torque is equivalent to minimizing the lever arm distance h j as it is multiplied by a constant weight vector P j . For that purpose, we have to bring the partial center of mass G j to project over joint j. However, any position variation of G j is possible only in the proportion of the projection of v G j in the horizontal plane (that vector is denoted w j ). The proposed joint variation is proportional to (15) where <,> denotes the vector dot product. The sign of the dot product ensures that the variation always induces a minimization of the torques. We favor the minimization of large lever arms h j because it allows the contribution of joints belonging to nonsupporting limbs to become really significant compared to other joints.
In the multiple support case, each supporting site i represents the root of an influence tree. So, each site produces an independent optimization vector Da g i evaluated only
from the corresponding influence tree r i . The summation of all the partial optimizations, as appearing in (16), constitutes the tertiary constraints in multiple supports.
POSTURE DESIGN METHODOLOGY
According to the control scheme described before, we are able to control the position of the center of mass for a given set of supporting sites. The problem now is to enhance the design of realistic postures for articulated figures in multiple support. The user specification of the support- ing influences is a powerful degree of freedom to play with in the posture design process. We detail first the animator interface prior to describing the relationship between supporting influence coefficients and posture leading to the posture design methodology.
Graphical User Interface
We have developed an application dedicated to posture optimization in multiple supports. We take advantage of a detailed human model resulting from the European project "HUMANOID1" [2] . The animator can freely define the motion root at any node in the skeleton 3D hierarchy by selecting it in the perspective display window or in the 2D tree structure representation (Fig. 11) . For most of our simulations, one of the feet was chosen as the root, but it is not compulsory. Then, the animator can activate the end effector interface panel to select any combination of support-oriented or goal-oriented end effectors (Fig. 12) . For each selected end effector, a supporting influence different from zero declares it as a support-oriented end effector. Any subset of controlled dimension can be selected from menus. Once an end effector is defined, a local guide frame is automatically created and interactively positioned by the animator to locate its associated goal. Finally, when all the initial settings are defined, the animator can launch the posture optimization simulation. A visual feedback is provided for each simulation step so that he/she can stop it at any moment.
In the example from Fig. 12 , the end user has selected three end effectors (button pressed in black). Two of them are dedicated to support the body: the right foot with a supporting influence of 0.85 and the right hand with a supporting influence of 0.15. The third one is a goal-oriented end effector which can be used for reach a distant location. Other elements of the panel are the selection of the controlled dimensions (for the last selected end effector) and other higher level functions for grasping objects.
Mass Distribution and Posture
Our basic approach is to reduce, whenever possible, the number of variables that the end user has to specify. In the present context, we use the condition of static equilibrium to automatically relate the supporting influences to the posture and vice versa.
As stated by the fundamental law of Statics, whenever a posture is in static equilibrium, both the sum of the external forces and the sum of their moments, expressed at the global center of mass, have to vanish. If only the vertical components of the forces are significant in a simulation, then the supporting influences reduce to the normalized mass distribution. In such a context, the posture design methodology becomes: 1) Identify or measure the mass support distribution with a small set of cheap scales and/or dynamometers, as we don't need a high precision (Fig. 17a) . Then, normalize the measured values with the total body mass to obtain the supporting influences. 2) For a balanced posture design, Generalized Inverse Kinetics has to be applied so that G 0 lies on a vertical line De corresponding to the desired support distribution. The line De has to pass through the barycenter of the projection P i of the supporting site locations in the horizontal plane weighted by their supporting influence s i .
where t i is the vector from point G e to point P i . 3) Any goal-oriented constraints can be assigned to remaining end effectors.
The horizontal reaction forces resulting from the floor friction coefficient can be ignored as long as they act at a same height (as implicitly assumed for legged robot [6] as well as for biped human models [1] ). Otherwise, we have to consider the moment of any set of horizontal reaction forces deployed at a different heights (e.g., leaning against a wall).
In such a context, the concept of supporting influence is a more general concept than a normalized mass distribution. The only requirement that we maintain is to respect (9) prior to the computation of the influence trees. Presently, the animators adjust interactively the supporting influences. Satisfactory results were obtained as presented in the following section.
SIMULATION RESULTS
In this section, we exhibit some complex postures involving the whole body mobility in the balance control. Case studies showing single, double, triple supports, and vertical leaning are detailed. The performances are gathered at the end of the section.
Balance Control in Single Support
We illustrate the single support with a posture involving the right foot as the supporting site, and four unusual end effectors: the right elbow, the right thumb, the left knee, and the nose. The performer of the posture has to bring the elbow in contact with the knee, while, at the same time, bring the thumb in contact to the nose. Usually, such performers are willing to prove, or at least pretend, that they are still able to control their balance although they are already drunk. Fig. 13 displays the initial posture (Fig. 13a) , and the postures achieved with the center of mass control as main constraint and the end effectors control as secondary constraints (Figs. 13b and 13c) . It is important to note that only the horizontal position of the center of mass needs to be controlled to ensure balance by projecting over the supporting foot. The tertiary constraint of gravity torques minimization is effective in Fig. 13c . The most noticeable are the final postures of the left leg and arm which generate smaller torques, respectively, to the knee joint and the shoulder. When asking real persons to realize this test, we noted a wide variety of final postures. The reasons are multiple; the posture from Fig. 13d is very relaxed, while most of the performers produced a somewhat more stressed posture with the left arm slightly aligned backward along the trunk. Many more parameters (e.g., as joint strengths) would be needed to obtain a fully realistic posture, and yet we have not seen such simulation elsewhere. We suggest adopting this test as a benchmark to compare the effectiveness of posture optimization algorithms. The hierarchy of constraints is also reflected in the order of their effective realization during the simulation. The balance is constantly maintained while the end effectors reach each other, and the gravity torques optimization is the last to converge.
Balance Control with Multiple Supports
We have retained three examples to illustrate the posture design potential of the method with success: leaning against a vertical surface, distant reaching, and triple support including hanging.
Balance with Vertical Leaning
We call this example "Around the corner" (Fig. 14) , because the human model wishes to reach an object situated on the other side of a wall corner (represented by a simple rectangle for clarity). In this case study, the right hand is inducing a pure horizontal reaction force from the wall. We only had to slightly adjust the support coefficient by making it a bit larger (0.3) than the horizontal force experimentally measured with a simple scale (0.14). The adjustment integrated the effect of the resulting moment in the balance control. The optimized posture is very close to postures adopted by real persons in the same context (Fig. 14c) . This is very interesting from the animator viewpoint, as the paradigm maintains a coherent interface for a large range of cases.
Cascaded Control in Double Support
Here, we focus on a "distant reaching" case with the right foot and right hand as the supporting sites. The initial and final support distributions are, respectively, (0.9, 0.1) and (0.65, 0.35) as measured with scales (Fig. 17a) . Three rendering modes are used to illustrate that case study. First, wire frame and shaded solids provide interactive responses for the display of Influence Trees (Fig. 15) or the posture optimization process (Fig. 16 ). The images with a deformable human envelope from Fig. 17 are computed off-line with a within the HUMANOID environment [2] .
First, the color coded Influence Trees are displayed according to the following convention: red for right hand and blue for right foot (Fig. 15) . The location of the center of mass is indicated by a small green square. The balanced posture for the initial support distribution (Fig. 15a) highlights a mixed support of the upper body segments which appear in a violet color (thorax, head, left arm). The balanced posture for the final support distribution (Fig. 15c ) exhibits a clear partition of support influence between the upper body and the lower body. The center of mass is initially positioned so as to project on the barycenter corresponding to the initial support distribution (Figs. 15a and 16a) . The main constraint consists in controlling the center of mass position so that it projects on the barycenter associated to the final support distribution. This defines an attraction to the red vertical line appearing in Figs. 15b and 16a . The vertical dimension is not controlled, thus making it available for the achievement of the secondary and tertiary constraints.
The secondary constraints consist of maintaining the right hand support location and reaching a target with the left hand (indicated with frames in Fig. 16 ). One can notice the resulting elevation of the center of mass due to the height of the left hand goal. The tertiary constraint optimizing the static gravity torques is effective in bringing the supporting leg closer to the vertical direction (compare top and bottom views of Fig. 17c ). At the same time, it also brings the nonsupporting leg closer to the vertical direction (compare Fig. 16b to 16a) . This is a two-stage simulation starting in double supports with both feet (Fig. 18) . We first bring the right hand to reach a horizontal bar (small cylinder). Then, the human model shares its triple supports by hanging partly with a 0.3 support coefficient and standing on with (0.35, 0.35). The left hand is then required to pick a low object as can happen on a bus (hence the name of this simulation). Table 2 gathers performances measured on a low-end graphic workstation (SGI Indy with R4000 CPU). Interactive simulation rates around 10 frames per second are possible on such a platform when displaying the human body with a simplified representation composed of rigid segments (as in Figs. 12 or 16) . Furthermore, the animator has a visual feedback for each frame and can, at any time, stop the simulation to adjust some parameters. Besides, it is possible to record a simulation as a keyframe sequence and later compute off-line a deformed envelop of the body skin [2] for each simulation step.
Performances

CONCLUSION
The general framework of inverse kinetics strongly benefits from the compatible flow model of multiple supports. This approach integrates the mass and support information in a unified manner. It also ensures the uniqueness of the solution for any loop-free mechanical structure and the continuity of the control for any support distribution.
The tedious aspects of the positioning of complex characters are greatly reduced with the posture optimization in multiple supports. Let us summarize the three key features of our approach.
1) The new class of input parameters, i.e., the supporting influence vector ( (9)), is very interesting for an animator, as it has a low dimension (usually from one to five). Its specification is intuitive and can be assisted by easy measurements with a set of scales and dynamometers (as we did).
2) The hierarchy of posture optimization is effective in translating the various levels of requirement in a complex posture integrating balance control, goaloriented tasks, and gravity torques minimization. 3) It is simple to implement as it shares the same control framework and pseudo-inverse computation as inverse kinematics.
Regarding performances, we have demonstrated a clear improvement upon pure Inverse Kinematics solution due to the intrinsic flaws of the latter. By construction, our approach in single support has the same order of complexity as Inverse Kinematics, but we gain, on average, 50 percent improvement in performance, while covering a much larger range of difficult posture optimizations. Regarding the performances in multiple supports, the cost of the Compatible Flow algorithm is minor compared to the additional cost of maintaining the location of support-oriented end effectors with Inverse Kinematics. However, we obtain interactive simulations in the general case on a SGI Indy workstation (R4000 CPU) with GL rendering and segments displayed as rigid solids. The activation of the tertiary constraint requires a longer, but still acceptable, duration (on average +25 percent).
Finally, our approach fits into existing high level interface of behavioral control of human (or animal) figures. Within its validity range of static analysis, it is a robust tool providing an intuitive parameter set for the design of realistic postures with interactive response.
APPENDIX A DIRECT KINETICS JACOBIAN IN SINGLE SUPPORT
We demonstrate here how to construct the center of mass instantaneous velocity due to the instantaneous rotation of the joint angles (Fig. 19) . Let q be the joint angle vector of the articulated chain (dim. n). The segment i has a mass M i and a center of gravity C i . Each segment is associated with a rotation holding a value q i an instantaneous variation & 
We apply the first theorem of derivation of the mobile frame to each vector. The time derivative of a vector rigidly attached to the segment k is a function of all the instantaneous rotation vectors w j comprised between that segment and the base of the chain. We have: 
and, under matrix form,
where J G is the Direct Kinetics Jacobian matrix relating instantaneous translation of the center of mass to the instantaneous variations on the parameters. Number of nodes of the body tree structure, N S :
APPENDIX B GENERAL INFLUENCE PROPAGATION ALGORITHM
Number of arcs coming from the Source node • vectors (for nodes indexed from 1 to N m ): Number_of_unknown_arcs, number_of_incoming_arcs, number_of_outgoing_arcs (in short, respectively nua, nia, noa), and incoming_flow (this latter is initialized after the compatible flow search)
• vectors of variable size vectors (row is node indexed Fig. 19 
